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Geosynthetic reinforcement has become a very practical technique to improve geotechnical structure safety. In spite of improved soil behavior, structures are affected by uncertainties related to soil and reinforcement material properties. This paper aims to present a reliability analysis in order to take statistical information (uncertainties) into account in a safety analysis of reinforced embankments. The analysis was used in a case study on a controlled stage-constructed embankment on soft ground in order to investigate its probabilistic stability. Modeling was performed by commercial geotechnical software usage (GeoStudio and RocScience packs, SIGMA/W + SLOPE/W, and SLIDE 3 , respectively) and the reliability structural analysis was acquired by coupling this software with a reliability program. Then, two numerical models were simulated: a 2D and a 3D one. For this application, the First Order Reliability Method (FORM) was assumed for the reliability analyses. The statistical information, as well as the correlation between variable pairs, was based on a literature review. In total, 29 parameters were assumed as random variables (splitting parameters from different zones and layers). At the same time, the influence of the uncertainty level on reliability analysis and the sensitivity of parameters (assumed as random variables) were investigated. As a result, the reliability indexes obtained showed that the structure analyzed should not be considered with a satisfactory safety level. Meanwhile, the uncertainty level assumed for random variables can lead the probabilistic analysis to very different conclusions about the structural safety, and the most sensitivity parameters observed were the bulk unit weight (clay-soft soiland fill material) and the undrained shear strength, followed by a slight importance of the initial void ratio.
INTRODUCTION
Soil retaining structures are, sometimes, essential for several engineering constructions and designs. Generally, these structures are conceived and constructed by using cyclopean or reinforced concrete, anchored or not. However, with increasing soil heights to contain and eventual poor foundation soils, the cost of these structures has increased considerably. Therefore, an alternative system has arisen to deal with these conditions. For example, according to Elias et al. (2001) , the advantages provided by using geosynthetic materials to reinforce soil structures are noted under these conditions. Besides, the polymeric material can be employed with other solutions to improve lateral support, such as exposed by Fattah et al. (2015 Fattah et al. ( , 2016a . Many deterministic methods have been proposed aiming to determine the key design features of geosyntheticreinforced soil structures (Koerner, 2012; Ariyarathne and Liyanapathirana, 2015; Fonseca and Palmeira, 2018) . Nevertheless, nowadays, probabilistic analysis, or reliability analysis, has gained attention, and is widely used in diverse areas. In the geotechnical area or, more specifically, in slope stability problems, this growing attention is easily noted. The main factor that improves this importance for geotechnical problems is the uncertainty associated with the material, i.e., soil. In particular, natural soil presents a great spatial variability, varying in all directions of space, but may also vary over time as a result of other factors, such as the environmental condition changes (precipitation, temperature, vegetation, water table, etc.) and anthropogenic conditions (superficial surcharge, profile modifications, materials insertion, etc.).
Since its first steps, reliability analysis used in slope stability has shown significant advantages (Cornell, 1971; Tang et al., 1976; McGuffey et al., 1982) . Thus, this analysis has been more and more studied and performed, presenting many improvements over time. For example, in the beginning, only one pre-specified slip surface was investigated. After that, studies started to determine the deterministic critical slip surface and assumed it as a slip surface for probabilistic analysis. However, some authors affirmed that the deterministic and probabilistic slip surfaces were not coincident (Chowdhury and Tang, 1987; Li and Lumb, 1987) . Therefore, probabilistic analysis used in the Limit Equilibrium Method (LEM) emerged, which was later adopted in the Finite Element Method (FEM).
Generally, the Monte Carlo simulation (MCS) is the most assumed method in order to perform probabilistic analyses of slopes stability (Genevois and Romeo, 2003; Chalermyanont and Benson, 2005; Salgado and Kim, 2014; Ferreira et al., 2016; Xia et al., 2017) . This method is already available in most commercial geotechnical programs, making it even more common and easy to use. However, there are limitations to this usage, such as limited random variables, distribution types, statistical input information, analysis monitoring, and high computational costs. The high computational costs are the main limitation faced by the method because they require a significant number of samples in order to achieve an effective approximation of the failure probability, reducing this usability in design practice.
Nevertheless, there are alternative methods that aim to reduce this computational cost, such as transformation methods (analytical methods). Some examples are First-Order Second-Moment (FOSM), First-Order Reliability Method (FORM), and Second-Order Reliability Method (SORM). These methods usually speed-up the analyses and achieve good estimation for P f and β values, when compared to MCS. Therefore, some authors have studied and adopted these methods in probabilistic analyses of slope stability (Xu and Low, 2006; Low, 2014; Wang et al., 2017; Xia et al., 2017) .
In spite of the fact that recent studies have used alternative methods to carry out these probabilistic analyses, few studies have been carried out to evaluate geosynthetic-reinforced structures (Low and Tang, 1997; Ferreira et al., 2016; Luo and Bathurst, 2017) . Studies that address these analyses and the alternative methods with well-known commercial geotechnical programs are even rarer, which does not encourage, or facilitate, the probabilistic analyses in practice, mainly via alternative methods that could significantly reduce the involved computational costs and achieve accurate results.
Therefore, this paper aims to present a reliability analysis in order to take statistical information (uncertainties) into account in a safety analysis of geosynthetic-reinforced embankments. To that end, an alternative reliability evaluation method was used, the FORM, and two well-known commercial geotechnical programs were adopted (GeoStudio and RocScience). The analysis was carried out using a reported case study of a controlled stage-constructed embankment on soft ground (Chai and Bergado, 1993) to investigate its probabilistic stability for each stage.
METHODS

Monte Carlo Simulation
The Monte Carlo simulation technique is the most common and used in practice and in the literature. This technique allows users to solve complex systems without limitations of complexity and number of variables, solving all of them just as easily and providing unbiased estimations. Conceptually, the method is simple, easy to implement, accurate and robust. The only limitation is associated with the computational capacity.
In structural analysis terms, simulation can be understood as a numerical way to simulate impractical experiments. The experiment consists of "testing" the structure for "all" possible combinations of resistances and solicitations. The probability of failure is estimated by calculating the relationship between the failure samples and the total of simulated samples.
Note that the variance in results is inversely proportional to the number of simulated samples. According to Melchers and Beck (2017) , the MCS requires around 10 (p+2) samples in order to achieve a good estimative of P f , where p assumes the order expected for the P f of the analyzed structure (P f = x·10 −p ). Therefore, a very high number of simulation samples can be required to evaluate a structure when expecting a significant low P f , turning it into an impractical analysis due to its high computational costs.
Analytical Reliability Methods
In the literature, the main three analytical methods in use are FOSM, FORM, and SORM, all based on the transformation method proposed by Hasofer and Lind (1974) . The transformation consists of mapping the random variables from the design space (X, dimensional space) to the standard normal space (Y, dimensionless space, where random variables assume that means equal zero and standard deviations equal the unit).
Melchers and Beck (2017) address these three methods. In the FOSM solution, the limit state function [g(x)] is approximated by a linear function. The statistical information is limited up to the second-order moments (µ e σ ). The method is simple to implement, and random variable distributions do not need to be reported but note that due to the limitation of statistical moments, it is equivalent to assuming the random variables with normal distributions. This hypothesis limits the solution of practical problems, mainly in significant non-linearity conditions of the performing function.
Nevertheless, the FORM, which is based on FOSM, allows the solution to take into account all statistical information about the random variables assumed for the problem. The statistical information includes the non-normal marginal distributions, as well as the correlation coefficients between variable pairs. In the FORM, the correlations are processed by the model proposed by Nataf (1962) and by the orthogonal decomposition or the Cholesky factorization (presented by Benoît, 1924) of the correlation matrix.
Limit State Function
Studies usually assume the limit state function as g(X) = FS(X)−1. FS is the ratio between the sum of resisting (R) to activating (A) forces and/or moments along the slip surface, and X is the vector of random variables. However, note that this function introduces non-linearity to the evaluation, and as great as the non-linearity is, the advantages of using analytical methods are lost, increasing the computational costs. In some cases, non-linearity can lead the analysis to a non-convergence condition or equivocated results. Therefore, authors assumed another function for the performing function in order to avoid or reduce this possibility, g(X) = R(X) − A(X).
CASE STUDY
The reliability analysis was used in a reported case, a controlled stage-constructed and reinforced embankment on soft ground, presented by Chai and Bergado (1993) . The reinforcement was achieved by introducing a geogrid into the structure, i.e., the geosynthetic element. In addition to the reinforcement, vertical drains were installed into the soft clay layer in order to accelerate the settlement process and, consequently, the gain of resistance and stability of the structure. Figure 1 shows the soil profile and the embankment geometry. On the one hand, according to Chai and Bergado (1993) , the soil profile is comprised of a weathered crust at the top 2 meters which is underlain by about 5 meters of very soft silty clay. Adjacent to this layer is a 10 meters thick layer of soft clay which in turn is underlain by about 0.6 meters of peat. Finally, a thick deposit of medium dense to dense clayey silty sand is found below the peat layer.
On the other hand, the embankment has a base width of 44 meters, it is 50 meters long and has a crest width of 11.46 meters (final configuration), and 6.07 and 5.27 meters high for conditions with and without the surcharge layer, respectively. In total, five stages were assumed for the analyses: three constructive stages (two fill stages and one surcharge removal stage); and two non-constructive stages associated with the settlement process. The material parameters were based on the reference study. In short, Tables 1, 2 present the stages and parameters assumed for modeling, respectively.
Well-known commercial geotechnical software, such as GeoStudio (SIGMA/W and SLOPE/W) and RocScience (SLIDE 3 ), were used in order to perform the modeling. On the one hand, for the GeoStudio analyses, the stability verification was performed by stress-strain analyses. The SIGMA/W obtained the stress-strain state and then passed it on to SLOPE/W in order to carry out the stability analysis. On the other hand, RocScience performed the stability verification by using the limit equilibrium method (LEM), Morgenstern-Price precisely, but only to the final stage configuration. At this moment, only one configuration is assumed to enable the probabilistic analysis because this evaluation process, of the three-dimensional model, increases the data amount involved in the modeling, then high computational processing is required. Table 3 presents the constitutive models assumed for each material. Circular and elliptical slip surfaces were assumed for models performed in GeoStudio and RocScience, respectively.
The soft clay layer was divided into horizontal parts. This division allowed the model to take into account the gain of resistance of foundation material due to the increasing vertical effective stress ( σ v ′ ). σ v ′ results from the embankment filling and the dissipation of excess pore water pressure over time. Besides, the layer division was also applied to the vertical direction that allows the model to consider the increase in resistance with depth. Table 2 shows the calculated and assumed values for each zone (split parts) of the foundation.
Among the parameters, specific weight (γ ), cohesion (c), undrained shear strength (S u ), friction angle (φ), Young modulus (E), overconsolidation ratio (OCR), initial void ratio (e 0 ), lambda and kappa (λ and κ, parameters related to the soil compression, inputs of Cam-Clay constitutive model), hydraulic conductivity (K), and stiffness modulus (J), and tensile strength (T) of the reinforcing material were assumed as random variables. The number of random variables for each analysis was limited by the analysis complexity.
Based on the literature, Table 4 presents statistical information about some geotechnical parameters. The distribution types and statistical moments related to these distributions are the main pieces of information collected.
The correlation between variable pairs is another piece of relevant statistical information that has to be taken into account when performing probabilistic analyses. Table 5 shows the assumed correlation matrix for the problem. The matrix is based on applications and studies performed by Azzouz et al. (1976) and Low and Tang (1997) . Since the LEM analysis needs a lower number of parameters when compared to stress-strain analysis, the correlation matrix may be reduced to the combination of highlighted terms of the basis matrix ( Table 5) .
The spatial correlation assumed for random variables, in the horizontal and vertical directions, was calculated by performing Bulk unit weight (γ ) Normal 2.5 7.5 12.5 Sherwood, 1970; Singh, 1971; Lumb, 1974; Ingles and Noble, 1975; Stamatopoulos and Kotzias, 1975 Cohesion (c) Normal 10.0 40.0 70.0 Tan et al., 1993; Phoon and Kulhawy, 1999; Baker and Calle, 2006 Friction angle (φ) Log-normal 5.0 10.0 15.0 Singh, 1971; Hoeg and Murarka, 1974; Lumb, 1974; Schultze, 1975 E-modulus (E) Normal 2.0 22.0 42.0 Kennedy, 1978; Otte, 1978 Overconsolidation ratio (OCR) Normal 10.0 22.5 35.0 Lumb, 1974; Lacasse and Nadim, 1996 Parameter λ of the MCC model Normal 25.0 27.5 30.0 Lumb, 1974; Corotis et al., 1975; Schultze, 1975; Stamatopoulos and Kotzias, 1975 Parameter κ of the MCC model Normal 25.0 27.5 30.0 Lumb, 1974; Corotis et al., 1975; Schultze, 1975; Stamatopoulos and Kotzias, 1975 Initial void ratio (e 0 ) Normal 13.0 27.5 42.0 Kuhn, 1971; Lumb, 1974; Corotis et al., 1975; Schultze, 1975 Hydraulic conductivity (K) Log-normal 200.0 250.0 300.0 Lumb, 1974 Undrained shear strength (S u ) Log-normal 20.0 35.0 50.0 Sherwood, 1970; Lumb, 1974; Lacasse and Nadim, 1996 Reinforcement the exponential model, Equation 1, as applied by Low and Tang (1997) .
RESULTS AND DISCUSSIONS
Model Validation
Initially, deterministic analyses were performed in order to validate the model. The calculated excess pore water pressures and factors of safety were compared with Chai and Bergado (1993) published values. These comparisons are presented as follows.
Excess Pore Water Pressure Figure 2 presents a comparison between excess pore water pressures. It is worth mentioning that, according to Chai and Bergado (1993) , the reference values are associated with another similar embankment that has the same foundation profile, and therefore, obtained very similar responses. Therefore, the variations in results are most significant in the analysis of the intermediate stage, which may be explained by associating these variations to the difference in the embankments' height at this moment (5.70 < 6.07 meters). Yet, the results were satisfactory, validating the model, and thus enabling us to proceed with the analyses. Figure 3 shows the factors of safety obtained by deterministic stability analyses. In the reference study, the authors affirm that the reinforcement insertion was implemented in order to achieve factors of safety around 1.3 for constructive stages. By considering the obtained results, note that the acquired factors were <1.3 and the target was beaten only once when analyzing the final period of the first consolidation stage. In the final configuration, the acquired factor was very close to that reported by Chai and Bergado (1993) , both around 1.22.
Deterministic Results
Reliability Indexes
In the literature, Low and Tang (1997) also carried out a probabilistic analysis of this same case study (Chai and Bergado, 1993) . However, the values of the coefficients of variation assumed for the problem were lower than the minimum values applied here, based on a literature review. Hence, in addition to the performed analyses, analyses assuming the CoV values adopted by Low and Tang (1997) were also carried out in order to compare these results. Table 6 presents these CoV values. Thus, Figure 4 allows the comparison between both assumed configurations. First, the model considers the medium CoV values and all random values assumed (complete correlation matrix). Second, the model considers the CoV values adopted by Low and Tang (1997) and a reduced number of random variables, in order to comply with the authors' assumption (gray values of the basis correlation matrix). Note that the β behavior with stages was very similar for both configurations. For the Low and Tang (1997) configuration, the achieved indexes were significantly higher than others, which was coherent with the assumption of low CoV. Low and Tang (1997) analyzed only the final stage configuration, assuming a β value of 1.84, which was similar to that acquired in this study, around 1.77. This small difference may be associated with the assumed calculation methods or models, even with some geometry simplifications assumed by both the authors and Low and Tang (1997) .
Note that either assuming medium values or Low and Tang (1997) values for CoV, unsatisfactory safety conditions were reached (β < 2.5 during construction, and β < 3 at final stage), except for the first dissipation stage. Chowdhury and Tang (1987) .
Parameters
CoV ( 
Influence of Uncertainty Level
Analyses considering four levels of CoV values (Low and Tang, 1997; minimum; medium; and maximum) were performed in order to evaluate their influence (uncertainty level) into probabilistic analyses. Figure 5 shows the results.
In spite of the fact that different levels result in discrepant values of β, the overall behavior of this index was very similar in stages for each assumed uncertainty level. In addition, as expected, low uncertainty levels drove to high β, or safety levels. Note that the highest variation of the index was associated with the first dissipation stage, which varied from β = 2.29 (CoV maximum), considered with a safety level below average (USACE, 1997), to β = 8.01 (CoV assumed by Low and Tang, 1997) , considered above the high safety level specified by USACE (1997).
Sensitivity Analysis
The sensitivity analysis is important to identify which random variables, or parameters, are more influencers to the structural safety in a probabilistic analysis condition. Therefore, the sensitivity analysis was performed by considering two conditions. First, a probabilistic analysis assuming all the random variables (contained in the basis correlation matrix) with medium CoV level. Second, a probabilistic analysis assuming only the random variables adopted by Low and Tang (1997) , as well as the adopted CoV. Figure 6 shows the results.
On the one hand, note that most of the assumed random variables are not influencers, which may be treated as deterministic variables. On the other hand, random variables that are significantly more sensitive were similar for both configurations (γ fill and S u , for different layer zones). Besides, there is a significant sensitivity associated with γ clay for the analysis that assumed more random variables, which was a parameter not considered by Low and Tang (1997) .
Finally, note also that the parameters associated with the initial void ratios (e 0 ) of each layer exhibited a slight sensitivity, which also may be assumed as deterministic. However, it should be interesting to assume these parameters as random variables, even not showing high sensitivities, in order to approximate the real probability of the failure condition.
Three-Dimensional Analysis-Final Configuration
As mentioned, a three-dimensional analysis was carried out using the SLIDE 3 , belonging to the RocScience pack. Table 3 presents the constitutive models assumed for each material. The stability analysis was carried out by assuming elliptical slip surfaces for this three-dimensional model. Besides, for the probabilistic performance, the medium CoV level was assumed. Figure 7 presents the acquired results for both deterministic and probabilistic analyses. Note that both FS and β values were coherent and close to the previous results, evaluated via two-dimensional analysis (FS = 1.28, and β = 1.55). Therefore, a two-dimensional analysis may be sufficient for the proposal of this analysis. This condition would change just in case of considerate the spatial variability over the three coordinate axes into the analysis.
CONCLUSIONS
This paper aimed to present a reliability analysis to consider statistical information in a safety analysis of reinforced embankments. The analysis was used in a case study of a controlled stage-constructed embankment on soft ground, reported by Chai and Bergado (1993) . The conclusions about this analysis are as follows:
• Deterministically, the embankment was satisfactorily modeled, reaching the same FS published by Chai and Bergado (1993) , for the final configuration (around 1.22). Besides, the excess pore water pressures acquired by the model agrees with the field-measured values. However, the reached FS values for all stages were below the predefined acceptance level. • Probabilistically, the structure also assumed low safety levels, which were more a matter of concern than deterministic results (β < 1, or P f > 16%, for 4 out of all five stages, assuming medium CoV). • The β obtained by this paper for the final structure configuration (around 1.77) was compared with the index presented by Low and Tang (1997) (1.84), which was very similar. This slight difference was associated with some alterations and simplifications made to the model geometry, when compared with those presented by Chai and Bergado. • The uncertainty level assumed for random variables in the analysis proved to be quite significant for the evaluations, greatly influencing the β values. • The sensitivity analysis showed that the main sensitivity variables for the problem evaluation were S u , γ clay , and γ fill . This result was acquired for both medium CoV and CoV, adopted by Low and Tang (1997) analysis. • A three-dimensional analysis was carried out for the final configuration of the structure. The FS and β values were very coherent with results obtained via a two-dimensional analysis. This result demonstrates that a two-dimensional analysis may be sufficient for this proposal, requiring lower computational costs than three-dimensional evaluations.
